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Abstract 

We give a complete description of finitely generated modules over artin alge- 
bras which are not the middle of a short chain of modules, using injective and 
Q I tilting modules over hereditary artin algebras. 
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1. Introduction 



Throughout the paper, by an algebra we mean an artin algebra over a fixed commu- 
tative artin ring i?, that is, an i?-algebra (associative, with identity) which is finitely 
generated as an i?-module. For an algebra A, we denote by mod A the category of 
f-H ■ finitely generated right A-modules, by ind A the full subcategory of mod A formed 

by the indecomposable modules, by Ko{A) the Grothendieck group of A, and by [M] 
^ ■ the image of a module M from mod A in Kq{A). Then [M] = [N] for two modules 

d '. M and in mod A if and only if M and have the same (simple) composition 

factors including the multiplicities. A module M in mod A is called sincere if every 
simple right A-module occurs as a composition factor of M. Further, we denote by 
D the standard duality B.omfi{—,E) on mod A, where ii^ is a minimal injective co- 
generator in modi?. Moreover, for a module X in mod A and its minimal projective 

^ I presentation Pi Pq ^ in mod A, the transpose TrX of X is the cokernel 

C<S ' of the homomorphism B.omA{f, A) in modA"^, where is the opposite algebra 

^ ■ of A. Then we obtain the homological operator ta = DTi on modules in mod A, 

called the Auslander-Reiten translation, playing a fundamental role in the modern 
representation theory of artin algebras. 

The aim of this article is to provide a complete description of all modules M in 
mod A satisfying the condition: for any module X in ind A, we have Homyi(X, M) = 
or HomA(M, taX) = 0. We note that, by [2], [23], a sequence X^M^ taX of 
nonzero homomorphisms in mod A with X being indecomposable is called a short 
chain, and M the middle of this short chain. Therefore, we are concerned with the 
classification of all modules in mod A which are not the middle of a short chain. We 
also mention that, if M is a module in mod A which is not the middle of a short 
chain, then Hom^(M, r^M) = 0, and hence the number of pairwise nonisomorphic 
indecomposable direct summands of M is less than or equal to the rank of Kq{A), by 
[32| Lemma 2]. Further, by |23l Theorem 1.6] and [lOl Lemma 1], an indecomposable 
module X in mod A is not the middle of a short chain if and only if X does not 
lie on a short cycle Y ^ X of nonzero nonisomorphisms in ind A. Hence, 

every indecomposable direct summand Z of a module M in mod A which is not 
the middle of a short chain is uniquely determined (up to isomorphism) by the 
composition factors (see [231 Corollary 2.2]). Finally, we point out that the class of 
modules which are not the middle of a short chain contains the class of directing 
modules investigated in [S], [12], [25], 
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Following [7], [TT], by a tilted algebra we mean an algebra of the form End/f(T), 
where if is a hereditary algebra and T is a tilting module in mod if, that is, 
Ext^ (T,T) = and the number of pairwise nonisomorphic indecomposable direct 
summands of T is equal to the rank of Kq{H). The tilted algebras play a prominent 
role in the representation theory of algebras and have attracted much attention (see 
n, i], [22], [25], [26], [2Z], [28] and their cited papers). 

The following theorem is the main result of the paper. 

Theorem 1.1. Let A he an algebra and M a module in mod A which is not the 
middle of a short chain. Then there exists a hereditary algebra H , a tilting module 
T in mod H , and an injective module I in mod H such that the following statements 
hold: 

(i) the tilted algebra B = Endii/(T) is a quotient algebra of A; 

(ii) M is isomorphic to the right B-module Hom//(T, i). 

We note that for a hereditary algebra H, T a tilting module in mod if, i an 
injective module in mod if, and B = EndH(T), the right 5-module Homjy (T,i) is 
not the middle of a short chain in modi? (see Lemma (3. II) . An important role in 
the proof of the main theorem plays the following characterization of tilted algebras 
established recently in the authors paper [T3|: an algebra B is a tilted algebra if and 
only if mod B admits a sincere module M which is not the middle of a short chain. 

The following fact is a consequence of Theorem 11.11 

Corollary 1.2. Let A be an algebra and M a module in mod A which is not the 
middle of a short chain. Then EndA(M) is a hereditary algebra. 

In Sections 2 and 3, after recalling some background on module categories and 
tilted algebras, we prove preliminary facts playing an essential role in the proof of 
Theorem 11.11 Section 4 is devoted to the proofs of Theorem 11.11 and Corollary 11.21 
In the final Section 5 we present examples illustrating the main theorem. 

For background on the representation theory applied here we refer to fT], [3], 
[25], [21], [28j. 

2. Preliminaries on module categories 

Let A be an algebra. We denote by the Auslander-Reiten quiver of A. Recall 
that Ta is a valued translation quiver whose vertices are the isomorphism classes 
{X} of modules X in indA, the valued arrows of F^ correspond to irreducible 
homomorphisms between indecomposable modules (and describe minimal left almost 
split homomorphisms with indecomposable domains and minimal right almost split 
homomorphisms with indecomposable codomains) and the translation is given by the 
Auslander-Reiten translations ta = i^Tr and = TrD. We shall not distinguish 
between a module X in indA and the corresponding vertex {X} of F^. By a 
component of F^ we mean a connected component of the quiver F^. Following 
[30] . a component C of F^ is said to be generalized standard if rad^(X, Y) = for 
all modules X and Y in C, where rad^ is the infinite Jacobson radical of mod A. 
Moreover, two components C and V of F^ are said to be orthogonal if HomA(X, Y) = 
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and B.omA{Y, X) = for all modules X in C and Y in V. A family C = (Cj)jg/ of 
components of Ta is said to be (strongly) separating if the components in Ta split 
into three disjoint families V^, = C and Q'^ such that the following conditions 
are satisfied: 

(51) is a sincere family of pairwise orthogonal generalized standard components; 

(52) RomA{Q^,V^) = 0, HomA(Q^,C^) = 0, HomA(C^,P^) = 0; 

(53) any homomorphism from to in mod A factors through add(Cj) for any 

i e /. 

We then say that separates from Q"^ and write 

= V V Q^. 

A component C of Ta is said to be preprojective if C is acyclic (without oriented 
cycles) and each module in C belongs to the r^-orbit of a projective module. Dually, 
C is said to be preinjective if C is acyclic and each module in C belongs to the 
r^-orbit of an injective module. Further, C is called regular if C contains neither a 
projective module nor an injective module. Finally, C is called semiregular if C does 
not contain both a projective module and an injective module. By a general result 
of S. Liu [H] and Y. Zhang |37], a regular component C contains an oriented cycle 
if and only if C is a stable tube, that is, an orbit quiver ZAoo/(t'"), for some integer 
r > 1. Important classes of semiregular components with oriented cycles are formed 
by the ray tubes, obtained from stable tubes by a finite number (possibly empty) of 
ray insertions, and the coray tubes obtained from stable tubes by a finite number 
(possibly empty) of coray insertions (see [25], [28]). 

The following characterizations of ray and coray tubes of Auslander-Reiten quiv- 
ers of algebras have been established by S. Liu in [2U] . 

Theorem 2.1. Let A be an algebra andC be a semiregular component o/Ta- The 
following equivalences hold: 

(i) C contains an oriented cycle but no injective module if and only if C is a ray 
tube; 

(ii) C contains an oriented cycle but no projective module if and only if C is a coray 
tube. 

The following lemma from [T3| Lemma 1.2] will play an important role in the 
proof of our main theorem. 

Lemma 2.2. Let A be an algebra and M a sincere module in mod A which is not 
the middle of a short chain. Then the following statements hold: 

(i) HomA(M, X) = for any A-module X in T , where T is an arbitrary ray tube 
of Y A containing a projective module; 

(ii) Homyi(X, M) = for any A-module X in T, where T is an arbitrary coray 
tube ofVA containing an injective module. 

Lemma 2.3. Let A be an algebra, C = {Ci)iQj a separating family of stable tubes of 
Ta, and Ta = V V the associated decomposition ofTA with = C. Then 
for arbitrary modules M G V^, N E , and i E I, the following statements hold: 
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(i) Hom^(M, X) 7^ for all but finitely many modules X G C,; 

(ii) Hom^(X, N) ^ for all but finitely many modules X & Ci. 

Proof. Let M be a module in V^, N a module in Q^, i E I, and be the rank 
of the stable tube Cj. Consider an injective hull M — )■ Ea{M) of M in mod A and 
a projective cover Pa{N) N of N in mod A. Applying the separating prop- 
erty of C, we conclude that there exist indecomposable modules U and V in Ci 
such that HomA(M,f/) and HomA(V,X) 7^ 0. Then HomA(M,X) 7^ and 
HomA(X, X) 7^ for all indecomposable modules X in Cj of quasi- length greater 
than or equal to rj, by [ST] Lemma 3.9]. Since such modules X exhaust all but 
finitely many modules in Ci, the claims (i) and (ii) hold. □ 

We also have the following known fact. 

Lemma 2.4. Let A be an algebra and T a stable tube ofV^. Then every indecom- 
posable module X in T is the middle of a short chain in mod A. 

A path Xq ^ Xi ^ ... Xt_i Xt in the Auslander-Reiten quiver of an 
algebra A is called sectional if r^Xj ^ Xj_2 for all i G {2, Then we have the 

following result proved by R. Bautista and S. O. Smal0 [B]. 

Lemma 2.5. Let A be an algebra and 

^ Ai ^ ... ^ y^t~i -^t 

be a path of irreducible homomorphisms fi, f2, ft corresponding to a sectional path 
ofTA. Thenft...f2fi^0. 

Let A be an algebra, C a component of and V, W be A-modules in C such 
that is a predecessor of W (respectively, a successor of W). If V lies on a sectional 
path from V to W (respectively, from to V), then we say that ^ is a sectional 
predecessor of W (respectively, a sectional successor of W). Otherwise, we say that 
is a nonsectional predecessor of W (respectively, a nonsectional successor of W). 
Moreover, denote by Sw the set of all indecomposable modules X in C such that 
there is a sectional path in C (possibly of length zero) from X to W, and by the 
set of all indecomposable modules Y in C such that there is a sectional path in C 
(possibly of length zero) from W to Y. 

Proposition 2.6. Let A be an algebra and C be an acyclic component ofT^ with 
finitely many ta- orbits. Then the following statements hold: 

(i) if V and W are modules in C such that V is a predecessor of W , V does not 
belong to Sw, cind W has no injective nonsectional predecessors in C, then we 
have B.om.A(y, taU) 7^ for some module U in Swi 

(ii) if V and W are modules in C such that V is a successor of W , V does not 
belong to S^, and W has no projective nonsectional successors in C, then we 
have HomA(rJ^f/, V) ^ Q for some module U in S^. 

Proof. We shall prove only (i), because the proof of (ii) is dual. Let V and W be 
modules in C such that is a predecessor of W , V does not belong to Sw, and W 
has no injective nonsectional predecessors in C. Moreover, let n{y) be the length 
of the shortest path in C from V to W . We prove first by induction on n{y) that 
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then every path in C of sufficiently large length starting at V is passing through a 
module in taSw- 

We may assume that V does not belong to taSw and hence n{y) > 3. Because W 
has no injective nonsectional predecessors in C and Sy/ does not contain the module 
V , we conclude that there exists t^V and it is a predecessor of W in C. Moreover, 
nij^V) = n(y)—2. Indeed, if it is not the case, then we get a contradiction with the 
minimality of n(y). Let {Ui, U2, ■ ■ ■ , Ut} be the set of all direct predecessors of r^V 
in C. Then, for any i G {1, . . . , t}, Ui is a predecessor ofWinC and n{Ui) = ^(V^) — 1. 
Hence, by the induction hypothesis, every path of sufficiently large length starting 
at Ui is passing through a module in taSw- Since {Ui, U2, ■ ■ ■ , Ut} is also the set of 
all direct successors of V, we have that every path in C of nonzero length starting 
at V is passing through Ui for some i G {1, . . . , t}. Therefore, the required property 
holds. 

Let now u : V ^ EAiV) be an injective hull of V in mod A. Then there exists 
an indecomposable injective A-module / such that Hom^(V, J) 7^ 0. Since W has 
no injective nonsectional predecessors in C, applying [H Chapter IV, Lemma 5.1], 
we conclude that there exists a path of irreducible homomorphisms 

V = V,^V,^V2^ ^Vr-l^Vr 

with Vr = taU for some U G Sw and a homomorphism /i^ : K — ?■ / such that 
hrgr ■ ■ ■ 91 7^ 0. Hence, we conclude that Homyi(V, taU) = HomA(V, K ) 7^ 0. □ 

3. Preliminaries on tilted algebras 

Let H be an indecomposable hereditary algebra and Qh the valued quiver of H. Re- 
call that the vertices of Qh are the numbers 1,2, ... ,n corresponding to a complete 
set Si, S2, . . . , Sn of pairwise nonisomorphic simple modules in modi? and there is 
an arrow from i to j in if Ext}^(S'j, Sj) 7^ 0, and then to this arrow is assigned 
the valuation (dimEnd^(5j) Ext^(5'j, 5*^), dimEndjf(5,) Ext^(5'j, 5'^)). Recall that the 
Auslander-Reiten quiver Th of H has a disjoint union decomposition of the form 

TH = PiH)vniH)W Q{H), 

where V{H) is the preprojective component containing all indecomposable projec- 
tive if-modules, Q{H) is the preinjective component containing all indecomposable 
injective if- modules, and 'R-{H) is the family of all regular components of T h- More 
precisely, we have: 

• if Qh is a Dynkin quiver, then IZi^H) is empty and V{H) = Q{H); 

• if Qh is a Euclidean quiver, then V{H) = (-N)Q^p, Q{H) = NQf and n{H) 
is a separating infinite family of stable tubes; 

• if Qh is a wild quiver, then V{H) ^ (-N)Q^p, Q{H) ^ NQ°^ and n{H) is an 
infinite family of components of type ZAqo- 

Let T be a tilting module in mod ii and B = EndniT) the associated tilted al- 
gebra. Then the tilting if- module T determines the torsion pair {J^{T),T{T)) 
in mod if, with the torsion-free part J^(T) = {X G modif |Homj:/(T, X) = 0} 
and the torsion part T(T) = {X G modii|Ext}^(T, X) = 0}, and the splitting 
torsion pair {y{T), X{T)) in modi?, with the torsion-free part y{T) = {Y G 
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mod5|Torf (r,T) = 0} and the torsion part X{T) = {Y e mod B\Y ®bT = 0}. 
Then, by the Brenner-Butler theorem, the functor Hom//(T, — ) : modH — t- modi? 
induces an equivalence of T(T) with 3^(T), and the functor Ext}^(T, — ) : mod// — )■ 
modi? induces an equivalence of J^{T) with X{T) (see [S], [llj)- Further, the im- 
ages Homj:/(T, i) of the indecomposable injective modules I in mod H via the functor 
Homj^(T, — ) belong to one component Ct of F^, called the connecting component 
of Fs determined by T, and form a faithful section of Ct, with the oppo- 
site valued quiver Q"^ of Qh- Recall that a full connected valued sub quiver E of a 
component C of F^ is called a section if E has no oriented cycles, is convex in C, 
and intersects each rs-orbit of C exactly once. Moreover, the section S is faithful 
provided the direct sum of all modules lying on S is a faithful i?-module. The sec- 
tion At of the connecting component Ct of F^ has the distinguished property: it 
connects the torsion-free part y{T) with the torsion part A'(T), because every pre- 
decessor in ind i? of a module Hom//(T, i) from A^ lies in y{T) and every successor 
of r^Homj:^(T, i) in indi? lies in X(T). 

Lemma 3.1. Let H he an indecomposable algebra, T a tilting module in mod ii, 
and B = End//(T) the associated tilted algebra. Then for any injective module I in 
mod ii, Mj = Homjy(T, i) is a module in modi? which is not the middle of a short 
chain. 

Proof. Consider the connecting component Ct of F^ determined by T and its canon- 
ical section At given by the images of a complete set of pairwise nonisomorphic 
injective ii-modules via the functor Homi^(T, — ) : mod ii — )■ modi?. Then Mj is 
isomorphic to a direct sum of indecomposable modules lying on At. Suppose Mj is 
the middle of a short chain X Mj -^tbX in modi?. Then X is a predecessor 
in indi? of an indecomposable module Y lying on At, and consequently Y G y{T) 
forces X G y{T). Hence tbX also belongs to y{T) since y{T) is closed under prede- 
cessors in indi?. In particular, tbX does not lie on At. Then HomB(M/, tbX) ^ 
implies that there is an indecomposable module Z on At such that tbX is a suc- 
cessor of T^^Z in ind 5. But then r^^Z G X{T) forces tbX G X{T), because X{T) 
is closed under successors in indi?. Hence the indecomposable i?-module tbX is si- 
multaneously in y{T) and X{T), a contradiction. Therefore, Mj is indeed a module 
in mod B which is not the middle of a short chain. □ 

Recently, the authors established in [13j the following characterization of tilted 
algebras. 

Theorem 3.2. An algebra B is a tilted algebra if and only if mod B admits a sincere 
module M which is not the middle of a short chain. 

We exhibit now a handy criterion for an indecomposable algebra to be a tilted 
algebra established independently in [2T] and [21] . 

Theorem 3.3. Let B be an indecomposable algebra. Then B is a tilted algebra if and 
only if the Auslander-Reiten quiver Tb of B admits a component C with a faithful 
section A such that HomB(X, r^l^) = for all modules X and Y in A. Moreover, 
if this is the case and is the direct sum of all indecomposable modules lying on 
A, then Ha = EndB(T^) is an indecomposable hereditary algebra, Ta = D(T^) is 
a tilting module in modH^, and the tilted algebra i?A = End//^(TA) is the basic 
algebra of B. 
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Let H be an indecomposable hereditary algebra not of Dynkin type, that is, the 
valued quiver Qh of if is a Euclidean or wild quiver. Then by a concealed algebra 
of type Qh we mean an algebra B = EndH{T) for a tilting module T in add('P(ii)) 
(equivalently, in add(Q(ii))). If Qh is a Euclidean quiver, B is said to be a tame 
concealed algebra. Similarly, if Qh is a wild quiver, B is said to be a wild concealed 
algebra. Recall that the Auslander-Reiten quiver of a concealed algebra B is of 
the form: 

TB = v{B)yniB)y Q{B), 

where V{B) is a preprojective component containing all indecomposable projective 
5-modules, Q{B) is a preinjective component containing all indecomposable injec- 
tive i?-modules and TZ{B) is either an infinite family of stable tubes separating V{B) 
from Q{B) or an infinite family of components of type ZAqq. 

Proposition 3.4. Let B he a wild concealed algebra, C a regular component o/Tb, 
M a module in V{B) and N a module in Q{B). Then the following statements hold: 

(i) HomB(M, X) 7^ for all but finitely many modules X in C; 

(ii) HomB(X, A^) ^ for all but finitely many modules X in C. 
In particular, all but finitely many modules in C are sincere. 

Proof, (i) Let if be a wild hereditary algebra and T a tilting module in add(P(ii)) 
such that B = EndniT). Recall that the functor Hom//(T, — ) : modii — )■ modi? 
induces an equivalence of the torsion part T(T) of mod H and the torsion-free part 
y{T) of modi?. Moreover, we have the following facts: 

(a) the images under the functor Hom/^(T, — ) of the regular components from 
TZ{H) form the family TZ{B) of all regular components of F^; 

(b) the images under the functor Hom//(T, — ) of all indecomposable modules in 
V{H) n T(T) form the unique preprojective component V{B) of F^. 

Since C is in TZ{B), there exists a component V in TZ{H) such that C = Hom/^(T, V). 
We note that C and V are of the form ZAqo- It follows from |3] (see also [281 Corollary 
XVIII. 2. 4]) that all but finitely many modules in V are sincere ii-modules. We may 
choose an indecomposable module U in V{H) fl T(T) such that M = Homjy(T, U). 
Further, there exists an indecomposable projective module P in V{H) such that 
U = t]j^P for some integer m > 0. Take now an indecomposable module Z in V. 
Then we obtain isomorphisms of i?-modules 

Hom^,(f/, Z) = HomH(r^™P, Z) = Hom^,(P, t^Z), 

because H is hereditary (see [H Corollary IV. 2. 15]). Since Homjy(P, i?) 7^ for 
all but finitely many modules R in P, we conclude that HomniU, Z) ^ for all 
but finitely many modules Z in P. Applying now the equivalence of categories 
HomH(T, -) : r(T) ^ y{T) and the equalities P{B) = YLouiniT^V^H) n r(T)), 
C = Hom^(r,P), and M = Homjy(T, U), we obtain that HomB(M,X) =^ for all 
but finitely many modules X in C. 

(ii) We note that the preinjective component Q{B) is the connecting component 
Ct of Tb determined by T, and is obtained by gluing the image Homj^(T, Q{H)) of 
the preinjective component Q{H) of Th with a finite part consisting of all indecom- 
posable modules of the torsion part X{T) = Ext^(T, J^(T)) of modS (see [H Theo- 
rem VIII. 4. 5]). But the wild concealed algebra B is also of the form B = Endi^*(T*), 
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where H* is a wild hereditary algebra and T* is a tilting module in add(Q(iJ*)). 
Then the functor Ext^, (T*,— ) : mod/7* — )■ modi? induces an equivalence of the 
torsion-free part J-'(T*) of modH* and the torsion part X{T*) of modi?. Moreover, 
we have the following facts: 

(a*) the images under the functor Ext^*(T*,— ) of the regular components from 
TZ{H*) form the family 'R-{B) of all regular components of F^; 

(b*) the images under the functor Ext^. (T*, — ) of all indecomposable modules in 
Q{H) n J^{T) form the unique preinjective component Q{B) of Vb- 

In particular, we have that C = Ext^. (T*, "D*) for a component V* in TZ{H*). We 
then conclude that Y{om.B{X,N) ^ for all but finitely many modules X in C, 
applying arguments dual to those used in the proof of (i). 

The fact that all but finitely many modules in C are sincere follows from (i) 
(equivalently (ii)), because V{B) contains all indecomposable projective i?-modules 
and Q{B) contains all indecomposable injective i?-modules. □ 

A prominent role in our considerations will be played by the following conse- 
quence of a result of D. Baer [4j (see |2Sl Theorem XVIII.5.2]). 

Theorem 3.5. Let B he a wild concealed algebra, and M,N indecomposable B- 
modules lying in regular components o/Tb- Then there exists a positive integer 
such that Hom^ (M,r^iV) ^ for all integers m ^ rriQ. 

Lemma 3.6. Let B be a wild concealed algebra and C a regular component ofTs- 
Then any indecomposable module N in C is the middle of a short chain in modi?. 

Proof. Suppose is an indecomposable module in C. Obviously C is of the form 
ZAoo. Applying Theorem 13. 5 [ we conclude that there is a positive integer tuq such 
that B.omB{N,T'j^N) ^ for all integers m > mo- Then we may take an inde- 
composable module X in C such that there are a sectional path Q from X to A^ 
and a sectional path S from t^N to tbX for some integer m > mo. Observe that 
all irreducible homomorphisms corresponding to arrows of S are monomorphisms 
whereas all irreducible homomorphisms corresponding to arrows of Q are epimor- 
phisms. Hence there are a monomorphism / : t'^N — )■ TbX and an epimorphism 
g : X ^ N. Since Homs(A^, r]^A^) ^ 0, we conclude that Homi3(A^, r^X) ^ 0. 
Therefore, we obtain a short chain X N tbX . □ 

4. Proofs of Theorem 11.11 and Corollary 11.21 

Let A be an algebra and M a module in mod A which is not the middle of a short 
chain. By ann^(M) we shall denote the annihilator of M in A, that is, the ideal 
{a G A\Ma = 0}. Then M is a sincere module over the algebra B = A/a.nnA{M). 
Moreover, by [23i. Proposition 2.3], M is not the middle of a short chain in modi?, 
since M is not the middle of a short chain in mod A. Let i? = i?i x . . . x B^ be a de- 
composition of B into a product of indecomposable algebras and M = Mi®. . .©Mm 
the associated decomposition of M in modi? with Mj a module in mod i?j for any 
i G {1, . . . ,m}. Observe that, for each i G {1, . . . ,m}, Bi = y4/ann^(Mi), Mj is a 
sincere i?j-module which is not the middle of a short chain in modi?j, and hence 
Bi is a tilted algebra, by Theorem 13.21 Therefore, we may assume that B is an 
indecomposable algebra. 
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We will start our considerations by showing that for a tilted algebra B and a 
sincere 5-module M which is not the middle of a short chain, all indecomposable 
direct summands of M belong to the same component, which is in fact a connecting 
component of F^. According to a result of C. M. Ringel [23 p. 46] Tb admits at most 
two components containing sincere sections (slices), and exactly two if and only if 
_B is a concealed algebra. We shall discuss this case in the following proposition. 

Proposition 4.1. Let B be a concealed algebra and M a sincere B -module which 
is not the middle of a short chain. Then M e add(C) for a connecting component 
C ofTs. 

Proof. Observe that M has no indecomposable direct summands in TZ{B), by Lem- 
mas [23] and [321 Hence we may assume that M = Mp © Mq, where Mp is a direct 
summand of M contained in add(P(i?)), whereas Mq is a direct summand of M 
which belongs to add(Q(5)). We claim that Mp = or Mq = 0. Suppose Mp 7^ 
and Mq 7^ 0. Let M' be an indecomposable direct summand of Mp and M" an 
indecomposable direct summand of Mq. 

Consider the case when 5 is a concealed algebra of Euclidean type, that is, TZ{B) 
is a family of stable tubes. Then it follows from Lemma 12.31 that there is a module 
Z in n{B) such that Hom^lM', TpZ) ^ and RomsiZ, M") ^ 0. This contradicts 
the assumption that M is not the middle of a short chain. Hence Mp = or Mq = 0. 

Assume now that i? is a wild concealed algebra. Fix a regular component V of 
Tb. Invoking Proposition 13.41 we conclude that there exists a module X G P such 
that HomB(M', tbX) ^ and Homp(X, M") ^ 0. Thus M is the middle of a short 
chain X — )■ M — i- r^X in mod 5. Hence, we get that Mp = or Mq = 0. 

Therefore, we obtain that M belongs to add(C) for a connecting component 
C = ViB) or C = Q{B). □ 

We shall now be concerned with the situation of exactly one connecting compo- 
nent in the Auslander-Reiten quiver of a tilted algebra. Let H be an indecomposable 
hereditary algebra of infinite representation type, T a tilting module in mod if and 
B = Endiy(T) the associated tilted algebra. By Ct we denote the connecting com- 
ponent in Fp determined by T. We keep these notations to formulate and prove the 
following statement. 

Proposition 4.2. Let B = EndniT) be an indecomposable tilted algebra which is 
not concealed. If M is a sincere B -module which is not the middle of a short chain 
in modi?, then M G add(CT). 

Proof. We start with the general view on the module category mod B due to results 
established in [H], [15], [16], [19], [36]. Let A = At be the canonical section of the 
connecting component Ct of Fp determined by T. Hence, A = for Q = Qp. 
Then Ct admits a finite (possibly empty) family of pairwise disjoint full translation 
(valued) subquivers 

such that the following statements hold: 

(a) for each i G {1, ...,m}, there is an isomorphism of translation quivers = 
NA^, where Af^ is a connected full valued subquiver of A, and vf^ is closed 
under predecessors in Cp; 
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(b) for each j e {l,...,n}, there is an isomorphism of translation quivers V^^^ = 

{-N)A'[\ where aJ.'"^ is a connected full valued subquiver of A, and V^^^ is 
closed under successors in Ct', 

(c) all but finitely many indecomposable modules of Ct he in 

V? U ... U V'^ U Pf'^ U ... U ©i"); 

(d) for each i e {1, m}, there exists a tilted algebra Bf^ — End^(o(J^^'''), where 

is a hereditary algebra of type (Af^)°P and is a tilting iff ^-module 
without preinjective indecomposable direct summands such that 

• Bf^ is a quotient algebra of B, and hence there is a fully faithful embed- 
ding mod Bf^ ^ mods, 

• vf^ coincides with the torsion- free part y{Tj''^) fl C n) of the connecting 

i 

component C^o) of r^(z) determined by t/^''; 

(e) for each j e {1, n}, there exists a tilted algebra B^^^ — End„(r)(T'-'^^), where 

H^p is a hereditary algebra of type and is a tilting ifj'^^-module 

without preprojective indecomposable direct summands such that 

• B^ is a quotient algebra of B, and hence there is a fully faithful embed- 
ding modSj ' ^ modS, 

• V'^p coincides with the torsion part X{tP) n C^{r) of the connecting 

component C„(r) of F (r) determined by T^] 
j 3 ■' 

(f) y{T) = ^dd{y{T?) u ... u y{T^^) u {y{T) n Ct)); 

(g) X{T) = add((A'(r) n Ct) U X{tP) U ... U X{Ti'^)); 

(h) the Auslander-Reiten quiver Vb has the disjoint union form 

m n 

Tb = (M yV^in) U Ct U (M AT^^), 

i=l 3=1 

where 

• for each i e {l,...,m}, (o is the union of all components of F (o 
contained entirely in y{Tf')^ 



for each j e w is the union of all components of F 

3 

contained entirely in X{tP). 



■ {r) 



Moreover, we have the following description of the components of F^ contained in 
the parts 3^F^(o and XV 



(1) If Af'* is a Euclidean quiver, then ^F (o consists of a unique preprojective 

i 

component V(Bf^) of F^p and an infinite family T^* of pairwise orthogonal 

generahzed standard ray tubes. Further, V(Bf^) coincides with the prepro- 
jective component V{Cf') of a tame concealed quotient algebra Cf' of Bf\ 
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(2) If Af"* is a wild quiver, then 3^r (o consists of a unique preprojective compo- 



nent V{Bf^) of r (i) and an infinite family of components obtained from the 

i 

components of the form ZAqo by a finite number (possibly empty) of ray in- 
sertions. Further, V{Bf^) coincides with the preprojective component V{Cf^) 
of a wild concealed quotient algebra ^ of Bf\ 

(3) If A^*^^ is a Euclidean quiver, then XT (r) consists of a unique preinjective 

■' j 

component Q{B'f^) of T (r) and an infinite family T^^ of pairwise orthog- 

j 

onal generalized standard coray tubes. Further, Q{B^p) coincides with the 
preinjective component Q(Cj'^'') of a tame concealed quotient algebra C^p of 



B^\ 



(4) If aI*^^ is a wild quiver, then AT (,) consists of a unique preinjective compo- 



nent Q{B^p) of r (r) and an infinite family of components obtained from the 

3 

components of the form ZAqo by a finite number (possibly empty) of coray in- 
sertions. Further, Q{bP) coincides with the preinjective component Q{CP) 

(r) (r) 

of a wild concealed quotient algebra Cj of B - . 

Observe that each indecomposable i?-module belongs either to y{T) or X{T) 
(T is a splitting tilting module). Let M' be an indecomposable direct summand 
of M, which is contained in y{T). We claim that then M' belongs to y{T) fl Ct- 
Conversely, assume that M' G y{T)\CT- Then there exists i G {1, ...,m} such that 
M' G 3^r (o\Ct, equivalently M' G 3^r (o\C (o. Without loss of generality we may 

i i i 

assume that i = 1. Since does not contain indecomposable preinjective direct 
summands, we may distinguish two cases. 

Assume first that contains an indecomposable direct summand from TZ{Hi^). 

This implies that there is a projective module P in yV (i) which does not belong to 

^1 

V{B{p. If^P is a tilted algebra of Euclidean type, then P is a module from some 
ray tube T. Then, according to Lemma fI72\ Hom {;)(M',X) = for any X G T, 

which leads to conclusion that M' ^ V{Bf^), because T belongs to the family T^^ 



(I). 



of ray tubes separating V{Bf^) from the preinjective component Q{Bf^) of F 
Since M' does not belong to an infinite family of ray tubes (Lemmas 12 .21 and 12 .4p . by 
(1) we conclude that M' = 0, a contradiction. This shows that any indecomposable 
direct summand of M from y{T) is contained in y{T) fl Ct- If B^^ is a tilted 
algebra of wild type, then P belongs to a component obtained from a component 
of type ZAoo, say V, by a positive number of ray insertions. Then there is a left 
cone (— )■ A^) in V which consists only of ■'-modules [T5j Theorem 1]. Moreover, 
'^nwV = T (i)V for any module V G (— )■ A^) and there is an indecomposable module 



Y G n(Hl ') such that A^ = Rom„(,)(T{' ,Y). Because M' G 3^F \C„(o , we have 

also that M' = Rom„w{TP,X) for some X G P(i/P) U n{H[ 
^1 



Suppose that X G 71{h[''^). Invoking Theorem 13. 5^ we have that there ex- 
ists a positive integer t such that Hom^m (X, r^^jjl^) 7^ for all integers p > t. 

This implies that also Hom^(i) (M', r^^^j X) 7^ for all integers p > t. Moreover, 

1 -Bj 
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if X G V{m>), then M' = B.om„w{T{> , X) belongs to P(5 0, which is equal to 

V{Cf'). From Proposition 13.41 we obtain now that there exists a positive integer 
t such that Hom^o) (M', r^(,) A^) 7^ for all integers p > t. Thus we have, inde- 
pendently on the position of X in V{Hf^) U TZ{h[''^), a nonzero homomorphism 
g : M' — !■ r^(;jA^, for any integer p > t. Observe also that M is a faithful 5-module 

because M is sincere and not the middle of a short chain (see [23l Corollary 3.2]). 
Hence there is a monomorphism -B_b — )■ M^, for some positive integer r, so we have 
a monomorphism P — )■ , because P is a direct summand of Bb- Further, since 
V contains a finite number of projective modules, we may assume, without loss of 
generality, that P is the one whose radical has an indecomposable direct summand 
L such that '^'^{i)L 7^ for any integer s > 1. Consider the infinite sectional path S 

in V which terminates at L. Then there exists an integer p >t such that the infinite 
sectional path Q which starts at t^(i)N contains a module t^{i)Z with Z lying on 

S. Then, Yiom. (i)iZ,L) 7^ 0, by Lemma [2.51 and hence Hom (0(2', M) 7^ 0, since 
there are monomorphisms L — t- P and P — )■ for some integer r > 1. Similarly, 
we obtain Hom (M', r (o^) 7^ 0, because there are a nonzero homomorphism 

B-^ 

g : M' — i- T^(i)N and a monomorphism from t^^i^N to t^(i)Z being a composition 

of irreducible monomorphisms. Finally, we get a short chain Z M ^ t (i)Z in 
modP, which contradicts the assumption imposed on M. 

Assume now that Tf^ belongs to add(P(/ff^)). Then Pf is a concealed algebra 
and B ^ bP, since B is not concealed by the assumption. Therefore, since B is 
indecomposable, there exists a module R G Q{Bf^), more precisely, a module R G 
Q(PP)nCT such that is a direct summand of radP of some projective P- module 
P. Moreover, by Lemmas 12.41 and 13.61 we obtain that M' G 3^r (o\C (o implies 

B^ J J 

M' G ViB^^). We claim that there exists Z G 7^(Pf ) such that Hom„(i) (Z, 1^)7^0 
and Hom^(i) (M', r^(o^) 7^ 0. 

If pf ■* is of Euclidean type then the claims follows from Lemma 12.31 Suppose 
now that pf^ is of wild type. Let P be a fixed component in TZ{Bf^). From Propo- 
sition 13.41 we know that there are nonzero homomorphisms M' — U for almost all 
U eT). Also by this proposition, for almost all P G P, there is a nonzero homomor- 
phism U — )■ W . Thus, we conclude that there exists a regular pf ^-module Z such 
that HoTn (i)iZ,W) 7^ and Hom (i)(M',r„(o^) 7^ 0. Combining now a nonzero 
homomorphism from Z to W with the composition of monomorphisms W ^ P and 
P — !■ M^, for some integer r > 1, we obtain that B.om (i){Z, M) 7^ 0. Consequently, 

there is a short chain Z — )■ M — t- t (i)Z in modP, a contradiction. 

^1 

We use dual arguments to show that any indecomposable direct summand M" 
of M, which is contained in A'(T), belongs in fact to X{T) fl Cy. □ 

Proposition 4.3. Let B = End//(r) be an indecomposable tilted algebra, Ct the 
connecting component o/Tb determined by T, and M a sincere module in add(CT') 
which is not the middle of a short chain. Then there is a section A in Ct such that 
every indecomposable direct summand of M belongs to A. 

Proof. We divide the proof into several steps. 
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(1) Let M' be an indecomposable direct summand of M and R be an immediate 
predecessor of some projective module P in Ct (if Ct contains a projective module). 
We prove that, if M' is a predecessor of R in Ct, then M' belongs to Sr- Assume 
that M' is a predecessor of R in Ct and M' does not belong to Sr. Since i? has 
no injective nonsectional predecessors in Ct, we have from Proposition 12.61 (i) that 
HomB(M', tbU) 7^ for some module U G Sr. Moreover, Homs([/, R) ^ 0, because 
there is a sectional path from U io R in Ct. Since M is faithful, there is a monomor- 
phism Bb ^ M^, for some positive integer r, so we have a monomorphism P — )■ M**, 
because P is a direct summand of P^- Combining now a nonzero homomorphism 
from U to R with the composition of monomorphisms R ^ P and P — )■ ikf", we 
obtain HomB([/, M*") ^ 0, and hence HomB([/, M) ^ 0. Summing up, we have in 
modP a short chain U M ^ tbU, a contradiction. 

Dually, using Proposition I2.6( ii) we show that, if an indecomposable direct sum- 
mand M" of M is a successor of an immediate successor J of some injective module 
J in Ct, then M" belongs to S}. 

(2) Let M' and M" be nonisomorphic indecomposable direct summands of M 
such that M' is a predecessor of M" in Ct. We show that every path from M' to 
M" in Ct is sectional. Assume for the contrary that there exists a nonsectional 
path from M' to M" in Ct. For each nonsectional path a in Ct from M' to M", 
we denote by n{a) the length of the maximal sectional subpath of a ending in M". 
Among the nonsectional paths in Ct from M' to M" we may choose a path 7 with 
maximal ^(7). Let Yq Yi ■ ■ ■ Yn-i Yn = M" be the maximal sectional 
subpath of 7 ending in M" . Observe that then 7 admits a subpath of the form 
tbYi Yq ^ Yi, and so Yi is not projective. 

We show first that there is no sectional path in Ct from M' to Yq. Note that there 
is no sectional path in Ct from M' to tbYi. Indeed, otherwise HomB(M', tbYi) 7^ 
and clearly Homs(l^i, M") 7^ 0, since there is a sectional path from Yi to Yn = M", 
and consequently M is the middle of a short chain Fi — )■ M — r^Yi, a contradiction. 
Moreover, applying (1), we conclude that Yq and r^Yi are not projective. We claim 
that TbYi is a unique immediate predecessor of Yq in Ct. Suppose that Yq admits 
an immediate predecessor L in Ct different from tbYi. Since there is no sectional 
path in Ct from M' to tbYi, we conclude that 7 contains a subpath of the form 

M' = Nq-^ Ni-^ > Ns = tbZi ^ Zq^ Zi-^ > Zt-i Zt = tbYi. 

Assume first that all modules Z2, . . . , Zt^i are nonprojective. Then there is in Ct sl 
nonsectional path /3 from M' to M" of the form 

M' = Ni^ > tbZi tbZ2 > TBZt tbYq L 

-> Fo ^ ^ yY^ = M" 

with n{P) = n(7) + 1, a contradiction with the choice of 7. Assume now that one 
of the modules Z2, . . . , Zt_i is projective. Choose G {2, . . . , t — 1} such that is 
projective but Zk+i, . . . , Zt-i, Zt are nonprojective. Then tbZ^+i is an immediate 
predecessor of Zk in Ct and hence, applying (1), we infer that there is a sectional 
path in Ct from M' to TBZk+i. We obtain then a nonsectional path a in Ct of the 
form 

M' ^ > TBZk+i ^ VTBZt^TBYQ^ L^Y^^Y^^ >Yn = M" 

with = 72(7) + 1, again a contradiction with the choice of 7. Summing up, we 
proved that Yq, Yi are nonprojective and tbYi is a unique immediate predecessor 



13 



of Yq in Ct- Hence every sectional path in Ct from M' to Yq passes through tbYi. 
This proves our claim, because there is no sectional path in Ct from M' to tbYi. 

Observe that B.omB{YQ, M) ^ 0, since we have a sectional path in Ct from Yq 
to the direct summand M" of M. Denote by / a nonzero homomorphism in mod B 
from Yq to M and consider a projective cover g : Pb{Yo) — )■ Yq of in mod 5. 
Then fg^O and hence there exist an indecomposable projective -B-module P and 
nonzero homomorphism h : P ^ Yq such that fh^O. Applying (1) and Proposi- 
tion [22] (ii), we conclude that h factorizes through a module in add^r^Slj,). Then 
there exists a module U in S^^ and a nonzero homomorphism j : t^U — ?■ Iq such 
that fj 7^ 0. Moreover, B.omB{M' ,U) ^ because there is a sectional path from 
M' to \J \vl Ct- Therefore, M is the middle of a short chain r^U M ^ U ^ with 
\J = tb{tj^U), a contradiction. 

(3) Let M' be an indecomposable direct summand of M which is a predecessor 
of an indecomposable projective module P in Ct- Then every path in Ct from M' to 
P is sectional. Indeed, since M is a faithful module in modi?, there is a monomor- 
phism Bb ^ in mod B for some positive integer r, and hence HomB(-P, M") ^ 
for an indecomposable direct summand M" of M. Since Ct is a generalized standard 
component, we infer that then there is in Ct a path from P to M". Therefore, any 
path in Ct from M' to P is a subpath of a path in Ct from M' to M", and so is 
sectional, by (2). 

(4) Let M" be an indecomposable direct summand of M which is a successor of 
an indecomposable injective module / in Ct- Then every path in Ct from / to M" 
is sectional. This follows by arguments dual to those applied in (3). 

We denote by At the section of Ct given by the images of a complete set of pair- 
wise nonisomorphic indecomposable injective ii-modules via the functor Hom//(T, — ) : 
modH — )• mod-B. 

(5) Let Mi,M2, . . . ,Mt be a complete set of pairwise nonisomorphic indecom- 
posable direct summands of M. We know that for a given module in Ct there 
exists a unique integer r such that r^N G At- Let ri,r2,...,rj be the unique 
integers such that T^Mi G At, for any i G {1, . . . Observe that the modules 
t'^Mi,t'^M2, - - - ,TBMt are pairwise different because, by (2), every path in Ct 
from Mi to Mj, with i j in {1, . . . is sectional. We shall prove our claim by 
induction on the number s{At) = Yll=i 

Assume s{At) = 0. Then, for any i G {1, . . . , t}, Mj G and there is nothing 
to show. 

Assume s{At) > 1. Fix i G {l,...,t} with |rj| ^ 0. Assume that rj > 0, or 
equivalently, Mj G fl X{T). Denote by the set of all modules X in At such 
that there is a path in Ct of length greater than or equal to zero from X to r^Mi. 
We note that every path from a module X in Ti^ to r^Mi is sectional, because At 
is convex in Ct and intersects every r^-orbit in Ct exactly once. Further, by (2) and 
(4), no module in S^'' is a successor of a module Mj with j G {1, . . . , t} \ {i} nor an 
indecomposable injective module, because there is a nonsectional path in Ct from 
T^Mi to Mi. Consider now the full subquiver A^^ of Ct given by the modules from 
r^(S^'') and A^ \ Ti^K Then A^^ is a section of Ct and s(A^^) < s{At) — 1. 

Assume now rj < 0, or equivalently, Mj G H y{T)- Denote by fi^^ the set 
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of all modules Y in such that there is a path in Ct of length greater than or 
equal to zero from TgMi to Y . It follows from (2) and (3) that no module in Vt^^ 
is a predecessor of a module Mj with j G {1, . . . ,t} \ {i} nor an indecomposable 
projective module, because there is a nonsectional path in Ct from Mj to T^Mi. 
Consider now the full subquiver A^'' of Ct given by the modules from tb{^^t) ^^"^ 
At \ dj). Then aJ^ is a section of Ct and ^(A^^^) < s(At) - 1. 

Summing up, we obtain that there is a section A in Ct containing all modules 
Mi,M2,...,Mt. □ 

We complete now the proof of Theorem ll.li 

Let B be an indecomposable tilted algebra and M a sincere module in mod-B 
which is not the middle of a short chain in mod B. Applying Propositions 14.11 and 
14. 2[ we conclude that there exists a hereditary algebra H and a tilting module T in 
mod^ such that B = End;H^(T) and M is isomorphic to a S-module Mf' ©... ©M"* 
with Ml, ...,Mt indecomposable modules in C^, for some positive integers rii, ..,nt. 
Further, it follows from Proposition 14.31 that there is a section A in containing 
the modules Mi, Mt. Denote by the direct sum of all indecomposable B- 
modules lying on A. Then it follows from Theorem 13.31 that Hj\ = EndB(T^) is 
an indecomposable hereditary algebra, Ta = D{T^) is a tilting module in m.odHj\, 
and the tilted algebra -Ba = End//^(TA) is the basic algebra of B. Let H = H^. 
Then there exists a tilting module T in the additive category add(TA) of Ta in 
mod if = modi^A such that B = End//(T), Cjr is the connecting component Ct 
of Tb determined by T, and A is the section A^ of Ct given by the images of 
a complete set of pairwise nonisomorphic indecomposable injective if-modules via 
the functor Hom//(r, — ) : modH — )■ mod-B. Since Mi,...,Mj lie on A = A^, we 
conclude that there is an injective module I in mod if such that the right i?-modules 
M = M"^ © ... © M"* and Homj^ (T,i) are isomorphic. This finishes the proof of 
Theorem 11.11 

We provide now the proof of Corollary II. 2[ 

Let A be an algebra and M a module in mod A which is not the middle of a short 
chain. It follows from Theorem 11.11 that there exists a hereditary algebra H and a 
tilting module T in mod if such that the tilted algebra B = End//(T) is a quotient 
algebra of A and M is isomorphic to the right i?-module Hom^(T, I). Further, the 
functor Homj|/(T, — ) : mod ii — i- modi? induces an equivalence of the torsion part 
T{T) of mod ii with the torsion-free part y{T) of modi?, and obviously i belongs 
to T{T). Then we obtain isomorphisms of algebras 

EndA(M) = EndB(M) = Endij(Homjy(T, i)) = Endjy(i). 

Thus Corollary 11.21 follows from the following known characterization of hereditary 
algebras (see pTJ for more general results in this direction). 

Proposition 4.4. Let A be an algebra. The following conditions are equivalent: 

(i) A is a hereditary algebra; 

(ii) EndA(P) is a hereditary algebra for any projective module P in mod A; 
(Hi) EndA(i) is a hereditary algebra for any injective module I in mod A. 
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5. Examples 

In this section we exhibit examples of modules which are not the middle of short 
chains, illustrating Theorem 11.11 

Example 5.1 Let K he a field, n a positive integer, Q the quiver 




and A = KQ the path algebra of Q over K. Then the Auslander-Reiten quiver T a 
admits a unique preinjective component Q{A) whose right part is of the form 




rA/(0) 




where /(O), /(I), /(2) . . . , /(n — l),/(n) are the indecomposable injective right A- 
modules at the vertices 0, 1, 2, . . . , n — 1, n, respectively. Consider the semisimple 
module M = /(I) ©7(2) © . . . ©/(n - 1) ©/(n) in mod A. Then M is not the middle 
of a short chain in mod A and B = A/annA{M) is the path algebra KA of the 
subquiver A of Q given by the vertices l,2,...,n — l,n, which is isomorphic to the 
product of n copies of K. Observe also that the injective modules /(O), /(I), I{n) 
form a section of Q{A). 

Example 5.2 Let 7^ be a field and n he a. positive integer. For each i G 
{1, . . . ,n}, choose a basic indecomposable finite-dimensional hereditary i^-algebra 
Hi, a multiplicity-free tilting module Tj in mod if,, and consider the associated 
tilted algebra Bi = EndnXTi), the connecting component Cj^ of F^, determined by 
Tj, and the module M^^ = Hom/^. (Tj, D(iJj)) whose indecomposable direct sum- 
mands form the canonical section Aj^^ of Ct^. It follows from general theory (|14]. 
[36] ) that the Auslander-Reiten quiver F^^ contains at least one preinjective com- 
ponent. Therefore, we may choose, for any i G {1, . . . ,n}, a simple injective right 
-Bj-module Si lying in a preinjective component Qi of Fb^- Let B = Bi x . . . x Bn 
and S = Si (B ■ ■ ■ ® Sn- Then S" is a finite-dimensional i^--B-bimodule, and we may 
consider the one-point extension algebra 



A 



'K 


S' 




'A s 





B 




b 



XeK, seS, heB 



Since S* is a semisimple injective module in mod S, it follows from general theory (see 
[25| (2.5)] or [28t (XV.l)]) that, for any indecomposable module X in mod A which 
is not in modS, its radical radX coincides with the largest right S-submodule of 



16 



X and belongs to the additive category add(S') of S. In particular, for any indecom- 
posable module Z in modi?, the almost split sequence in modi? with the right term 
Z is an almost split sequence in mod A. Therefore, the Auslander-Reiten quiver 
of A is obtained from the disjoint union of the Auslander-Reiten quiver F^^, Fs„ 
by glueing of the preinjective components Qi, Qn into a one component by the 
new indecomposable projective A-module P with radP = S (and possibly adding 
new components). This implies that the right i?-module 



M 



is not the middle of a short chain in mod A. Moreover, since Mt^ is a faithful right 
i?j-module for any i G {1, . . . , n}, we conclude that B = y4/ann^(M). 

Example 5.3 Let i^ be a field, if be a basic indecomposable finite-dimensional 
hereditary iT-algebra, T a multiplicity-free tilting module in mod ii, and B = 
Endij(T) the associated tilted algebra. For a positive integer r > 2, consider the 
r-fold trivial extension algebra 



TiB) 



(r) 



h 


















h 


h 










fr-1 


^ hi,.. .,hr-i G B, /i, . . 



fl 

J fr-l 





bi 

G D{B) J 



of B. Then T{B)^^'> is a basic indecomposable finite-dimensional selfinjective K- 
algebra which is isomorphic to the orbit algebra i?/(z/^) of the repetitive algebra B 
of B with respect to the infinite cyclic group (z/^) of automorphisms of B generated 
by the r-th power of the Nakayama automorphism i/g of B. Moreover, we have the 
canonical Galois covering : B = T(5)('') and the associated push- 

down functor F^^^ : modi? — )■ modT(i?)*^'') is dense (see [33 Sections 6 and 7] for 
more details). We also note that T(B)^'^^ admits a quotient algebra i?i x i?2 x . . . x 
Br-i with Bi = B for any i G {1, 2, . . . , r — 1}. 

Fix a positive integer m and consider the selfinjective algebra Am = T{B)^'^'^"^^^^\ 
For each i G {1,2,..., m}, consider the quotient algebra i?4i = i? of A^ and the 
right i?4j-module = Homj7(T, D{B)), being the direct sum of all indecomposable 
modules lying on the canonical section = of the connecting component 
C4i = Ct of Tb4, determined by T. Then, applying arguments as in [211 Section 2], 
we conclude that 



M 



0M4. 



is a module in mod Am which is not the middle of a short chain and Am/sinnA^{M) 
is isomorphic to the product 



of m copies of the tilted algebra B. 
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